Due to their explicit construction, Aloff-Wallach spaces are prominent in flux compactifications. They carry G 2 -structures and admit the G 2 -instanton equations, which are natural BPS equations for Yang-Mills instantons on seven-manifolds and extremize a Chern-Simonstype functional. We consider the Chern-Simons flow between different G 2 -instantons on AloffWallach spaces, which is equivalent to Spin(7)-instantons on a cylinder over them. For a general SU(3)-equivariant gauge connection, the generalized instanton equations turn into gradient-flow equations on C 3 × R 2 , with a particular cubic superpotential. For the simplest member of the Aloff-Wallach family (with 3-Sasakian structure) we present an explicit instanton solution of tanh-like shape.
Introduction and summary
Yang-Mills theory in more than four dimensions naturally appears in the low-energy limit of superstring theory in the presence of D-branes. Also, heterotic strings yield heterotic supergravity, which contains supersymmetric Yang-Mills as a subsector [1] . Furthermore, natural BogomolnyPrasad-Sommerfield-type equations for gauge fields in dimension d>4, introduced in [2] , also appear in superstring compactifications on spacetimes M 10−d × X d as the condition for the survival of at least one supersymmetry in the low-energy effective field theory on M 10−d [1] . These firstorder Bogomolny-Prasad-Sommerfield-type equations on X d , which generalize four-dimensional Yang-Mills anti-self-duality, were considered e.g. in [3] - [9] , and some of their solutions were found in [10] - [13] .
In string/M-theory compactification, the most interesting dimensions seem to be d = 6, 7 or 8, and the corresponding generalized anti-self-duality equations are respectively called the Hermitian-Yang-Mills equations [4] , the G 2 -instanton equations [8, 14] , or the Spin(7)-instanton equations [8, 15] . Most work on the above-mentioned instanton equations has restricted its attention to Riemannian manifolds X d with holonomy group SU(3) for d=6, G 2 for d=7 or Spin (7) for d=8, i.e. to integrable G-structures. However, if one is interested in string compactification with fluxes [16] , one should consider non-integrable G-structures (weak holonomy groups) instead. The torsion of the G-structure, which measures the failure to be integrable, is identified with the three-form field ('flux') of supergravity. Flux compactifications have been investigated primarily for type II strings and M-theory, but also in the heterotic theories, albeit to a lesser extent, despite their long history [17] . In particular, compactifications on Aloff-Wallach spaces [18, 19] X k,l of dimension seven and cones C(X k,l ) over them were studied e.g. in [20, 21, 22] . The Yang-Mills equations on Spin(7)-manifolds of topology R × X k,l with cylindrical and conical metric is the subject of the present paper.
For any co-prime pair of integers (k, l), the Aloff-Wallach space X k,l is the coset SU(3)/U(1) k,l with U(1) k,l = {diag(e i(k+l)ϕ , e −i k ϕ , e −i l ϕ )} [18, 19] . It carries a G 2 -structure defined by a torsion three-form ψ with the property that dψ is proportional to the Hodge-dual four-form * ψ. G 2 -instantons extremize a Chern-Simons-type action functional on X k,l . As an example, we describe the abelian canonical connection on a line bundle over X k,l . Next, we step up to eight dimensions via extending X k,l by a real line R. Our G 2 -instantons are the endpoints of a gradient flow along this line, which is described precisely by the Spin(7)-instanton equations [8] on R × X k,l . The most general SU(3)-equivariant connection on a rank-3 complex vector bundle is parametrized by three complex and two real functions on R. The Spin(7)-instanton equations reduce to gradientflow equations for these functions, governed by a cubic superpotential W with global U(1)×U (1) symmetry. Interestingly, each function obeys a linear equation in the background of the others.
In order to be more explicit, we specialize to the case of k = l = 1. We fix the metric moduli (up to a freedom of orientation) such that X 1,1 is 3-Sasakian and C(X 1,1 ) is hyper-Kähler, i.e. its structure group reduces to Sp (2) . We list all critical points and their Hessians and numerically find an instanton solution whose shape is close to the tanh function. The corresponding gauge configuration interpolates between different G 2 -instantons on X 1,1 . It is not obvious how to establish the existence of further instanton solutions. It would be interesting to extend and lift Spin(7)-instantons on a cylinder or a cone over Aloff-Wallach spaces to classical solutions of heterotic M-theory.
Aloff-Wallach spaces
Group SU (3) . Consider the group SU(3) with generators {I a , I i }, a = 1, ..., 6, i = 7, 8, satisfying 1) where the structure constants are
where i, j = 7, 8 correspond to the Cartan subalgebra of su(3).
Cosets SU(3)/U(1) k,l . Let us consider a U(1) subgroup of SU (3) given by matrices of the form 5) where k and l are relatively prime integers and 0 ≤ ϕ ≤ 2π. Consider the coset space 6) where U(1) k,l is represented by matrices (2.5). For relatively prime integers k and l the coset spaces X k,l are simply connected manifolds called Aloff-Wallach spaces [18, 19] .
The space SU(3)/U(1)=: G/H consists of left cosets gH, g ∈ G, and the natural projection g → gH is denoted by π : SU(3) −→ X k,l (2.7) as {E a , E i }. Note that since all objects we consider will be invariant under some action of SU (3), it will suffice to do calculations just over the subset U .
If we denote by {eâ},â = 1, ..., 7, an orthonormal coframe on U ⊂ X k,l (basis for T * (X k,l ) over U ) then eâ = e a for a = 1, ...6 and e7
with {e a , e i } obeying the Maurer-Cartan equations (2.8) and
is a canonical connection one-form in the bundle (2.7). Here
and
Then as generators of SU (3) we have 2.12) so that e a I a + e i I i = eâIâ + e8I8 (2.13) and I8 is the generator of the group U(1) k,l given by (2.5).
Let us now rescale matrices (2.12) as (2.14) such that e a I a + e i I i =ẽâĨâ +ẽ 15) and therefore the rescaled coframe fields {ẽâ} and the rescaled connection one-formẽ 8 have the formẽ
Here we introduced real parameters
As a metric on X k,l we take 18) One can show that for any given relatively prime integers k, l one can choose parameters ς α and µ (α = 1, 2, 3) such that the metric (2.18) will be Einstein for a connection with a torsion 3-form 2.19) having the following non-vanishing components: 20) Furthermore, this connection has the holonomy group G 2 and the 3-form (2.19) defines a G 2 -structure on X k,l [18, 19] . For more details on geometry of Aloff-Wallach spaces see e.g. [18] - [21] .
Complex basis on T * (X k,l ). Note that X 1,1 can be fibred over the homogeneous manifold
parametrized by an angle 0 ≤ α ≤ 2π. So, for k = l = 1 we have a projection 22) whose fibres U(1) ⊥ are orthogonal complements of U (1)=U (1) 1,1 from (2.5)-(2.7) in the torus T 2 ∼ = U (1)×U (1) (the Cartan subgroup of SU (3)). This case is very special since X 1,1 is an EinsteinSasaki manifold and therefore the cone C(X 1,1 ) with the metric
is a Calabi-Yau 4-conifold with the holonomy group 1 SU(4) ⊂ Spin (7). Furthermore, on X 1,1 there exists a metric such that X 1,1 becomes a 3-Sasakian manifold with a hyper-Kähler structure Sp (2) on the cone C(X 1,1 ).
Recall that F 3 is fibred over the projective plane CP 2 ∼ = SU(3)/U(2), F 3 −→ CP 2 , and the same is true for X k,l with any k and l. One can show that fibres of the projection X k,l −→ CP 2 are lens spaces S 3 /Z p with p = |k + l|. For clarity, let us combine all the above fibrations into one diagram SU (3) U (1)×U (1) 
where X k,l can also be fibred over
Note that S 3 /Z p is an S 1 -fibre bundle over CP 1 and one can consider complex forms which span CP 2 and CP 1 in X k,l as seen from (2.24). Namely, let us introduce complex one-forms 2
(2.25) 1 Recall that the cone C(X k,l ) over the general Aloff-Wallach space X k,l has the holonomy group Spin(7). 2 Here, Θ 1,2 span the CP 2 base in (2.24) and Θ 3 spans the CP 1 ֒→ S 3 /Zp, and the choice of the sign in Θ 3 is such that an associated almost complex structure on a six-dimensional subbundle of the tangent bundle, defined by Θ α , α = 1, 2, 3, will be integrable. For Θ 3 =ẽ 5 + iẽ 6 it will be never integrable. For k=l=1 our choice corresponds to a Kähler structure on F3 and Θ 3 =ẽ 5 + iẽ 6 corresponds to a nearly Kähler structure on F3 [9, 23] .
plus realẽ 7 ,ẽ 8 and matrices
which form a basis of the complex Lie algebra sl(3, C) = su (3 
We have the commutation relations
Note that standard undeformed structure constants correspond to k=l=1, µ=γ
and they are given by
(2.30)
In the new basis the Maurer-Cartan equations (2.8) become
where we have used the structure constants from (2.29). The metric on X k,l in terms of Θ α andẽ 7 is ds Coset space X 1,1 . It is known (see e.g. [19] ) that for k=l=1 the Aloff-Wallach space admits a metric such that the cone C(X 1,1 ) over it admits metrics with the holonomy group SU(4) ⊂ Spin (7) (Calabi-Yau 4-fold) and Sp(2) ⊂ SU(4) ⊂ Spin (7) (hyper-Kähler 4-fold). This means that in the Calabi-Yau case on C(X 1,1 ) there exists a closed (1,1)-form ω 1,1 (Kähler form) and in the hyperKähler case on C(X 1,1 ) there exist three Kähler forms:
i.e. besides the closed form ω 1,1 we also have a closed (2,0)-form ω 2,0 := ω 1 + i ω 2 .
For the general metric (2.23) on C(X 1,1 ), one can introduce the (1,1) form as We obtain
where Θ αβ := Θ α ∧ Θβ etc. From (2.37) it follows that ω 1,1 is closed if
for any real number α. (2)-holonomy on C(X 1,1 ). Note that the closure of the form ω 1,1 means that the holonomy group of the cone C(X 1,1 ) reduces to the group U(4) (Kähler structure). For having on C(X 1,1 ) a Calabi-Yau structure (SU(4)-holonomy) one should impose an additional condition of closure of the (4,0)-form
SU(4)-and Sp
By differentiating (2.39), from the condition dΩ 4,0 = 0 one obtains
that fixes a Calabi-Yau metric on C(X 1,1 ). Both α from (2.40) correspond to the same metric on X 1,1 and the choice of different sign of α corresponds to the choice of different orientation on X 1,1 .
Now we want to check whether this metric allows further reduction of the structure group SU(4) to the group Sp(2) ⊂ SU(4) ⊂ Spin (7), i.e. allows an introduction of a hyper-Kähler structure on C (X 1,1 ). On the Calabi-Yau space C(X 1,1 ), we consider the (2,0)-form
where β is a complex number. Then from the equation dω 2,0 = 0 we obtain
Therefore, the metric with α = ±1 from (2.40) allows a hyper-Kähler structure 3 on the cone C(X 1,1 ) and a 3-Sasakian structure on X 1,1 .
3 Spin (7)-instantons G 2 -instantons and gradient flows. Consider the Chern-Simons type functional on X k,l ,
where A is a connection on a rank-3 complex vector bundle over X k,l (we will specialise to the gauge group SU(3) in a moment) and F = dA + A ∧ A is its curvature. For the variation of (3.1) we have 2) where * is the Hodge operator and β is some coefficient which can be calculated. Here, we used the fact that dψ ∼ * ψ ⇒ * dψ ∼ ψ on X k,l . Therefore, the equations of motion are
Note that (3.3) are exactly G 2 -instanton equations on X k,l . Now we can define the Chern-Simons gradient flow equationsȦâ
4)
3 Comparing with the standard expression for the symplectic form in Darboux coordinates, the careful reader might notice an unconventional relative sign appearing in (2.41) for the choice α = −1. To arrive at the standard expression
, which is unique up to an overall rescaling, one needs to absorb the sign by replacing Θ 4 with minus itself in the definition (2.36 ). This has no further consequences except for an irrelevant overall sign-flip in (2.39) corresponding to the change of orientation. whose stable pointsȦ := dA dτ = 0 are G 2 -instantons on X k,l . Spin(7)-instanton equations on R × X k,l . On the one hand, (3.4) are the flow equations. On the other hand, they are exactly the Spin(7)-instanton equations
on the space R × X k,l , τ ∈ R, in the gauge A τ ≡ A 0 = 0, where τ ≡ x 0 , dτ =ẽ 0 .
So, let us consider A, F ∈ su (3), and the equations (3.5) on the space R × X k,l . The SU(3)-equivariant ansatz for A is 6) with the following restrictions which guarantee the SU(3)-equivariance:
Here
are some 3×3 complex matrices depending on τ ∈ R, α, β = 1, 2, 3.
For (3.6) and (3.7) we have
whereẎ α := dY α /dτ etc. We get Reduction to matrix equations. Note that 11) and therefore ψ 123 = ψ12 3 = − Thus, from (3.5) we have 3.19) where All structure constants in (3.16)-(3.20) can be taken from (2.29). The above matrix equations can be written concisely by means of a "superpotential" W viȧ
The explicit form of the superpotential 3.22) follows by inspection of (3.16)-(3.20) . It can also be obtained directly by inserting the ansatz (3.6) into the Chern-Simons type action (3.1).
Reduction to equations on scalar fields of τ . The SU(3)-equivariance conditions (3.7) are solved by Y1 =φ1Ĩ1 , Y2 =φ2Ĩ2 , Y3 =φ3Ĩ3 , 3.23) where φ α (α = 1, 2, 3) are complex scalar fields depending on τ and χ i (i = 7, 8) are real scalar fields of τ .
Substituting (3.23) into (3.16)-(3.19) , we obtain 3.24) where C 7 and C 8 are given in (3.20) . The superpotential W becomes (3.25) where K is the Killing metric K(I, J) = −tr(I, J) for the rescaled generators (2.27) . The necessity to introduce K is due to the fact thatĨ 7 andĨ 8 are not mutually orthogonal for general values of k and l. The explicit form of K is given by
with all other components vanishing. We are now in a position to express the first-order equations (3.24) in terms of the superpotential W ,
The non-vanishing components of the inverse Killing metric are given by (3.24 ) is a complicated set of coupled, non-linear first-order ordinary differential equations and finding the general solution is a formidable task. Instead, one may consider simplifications of these equations by setting some of the fields to zero and hope to find explicit solutions for these special cases. Indeed, eq. (3.24) admits a particularly simple yet important special solution, namely
where A, B ∈ R are constants of integration. ForC 7 = 0, A = 0, this solution is stationary and corresponds to the abelian (rescaled, ifC 8 = 0) canonical connection on a line bundle over X k,l . This is arguably the simplest example for a G 2 -instanton on Aloff-Wallach spaces. A similar conclusion also holds forC 7 =C 8 = 0 with the rescaled canonical connection corresponding to the case B = 0.
Before specialising to k = l = 1, we briefly mention that the second-order equations of motion and the potential V for the scalar fields can be obtained straightforwardly from the above first order equations by simply applying another time derivative to (3.27) . The result can be written as
The potential V is determined by the usual formula in terms of the superpotential
where we introduced the shorthand notation W α = ∂W/∂φ α , Wβ = ∂W/∂φβ and W i = ∂W/∂χ i . Computing the gradient of V yields
From this and (3.31) we can read off that critical points of the superpotential are both zeros and critical points of the potential. On the other hand, the critical points of V fall into two categories: zero-energy ones (V = 0) and positive-energy ones (V > 0). The former are precisely the critical points of W , which will be studied further for the special case k = l = 1 in the remainder of this section. However, the positive-energy critical points of V do not correspond to critical points of W . Instead, for them the gradient of W is a "zero eigenvector" of the Hessian of W . They will not play a role in our analysis.
Specialization to k = l = 1. For the special case of X 1,1 , with ς α and µ given in (2.38), from (3.24) we obtain 2φ 3.33) with α = ±1 for the 3-Sasakian structure on X 1,1 . The Killing metric in this case becomes diagonal with non-zero components
The superpotential simplifies to 3.35) and (3.33) may be written as (3.37) Note that the phases of the φ α only enter in the cubic terms φ 1 φ 2φ3 +φ1φ2φ 3 in the superpotential, which are thus proportional to cos(arg φ 1 + arg φ 2 − arg φ 3 ). The superpotential is extremised when arg φ 1 + arg φ 2 − arg φ 3 = 0 or π and, together with (3.37), this allows us to consider purely real fields when searching for extrema of W . After fixing φ α ∈ R, there is a residual symmetry which acts by flipping the sign of any two of the three complex functions φ α . Therefore, we can restrict ourselves not only to real fields but also take, for example, φ 1 and φ 2 non-negative when searching for extrema of W .
In addition, there is a Z 2 -symmetry which acts by interchanging φ 1 and φ 2 accompanied by a sign flip of χ 8 (
Explicit solutions for k = l = 1. We will begin by finding the extrema of the superpotential (3.35) . Making use of the argument given at the end of the previous section, we take all fields to be real and φ 1 , φ 2 non-negative. We then need to solve the following equations in five real
The sign ambiguity in the first three equations is a consequence of cos(arg φ 1 +arg φ 2 −arg φ 3 ) = ±1 at the extrema. The last two equations may be used to immediately eliminate χ 7 and χ 8 and one is then left with three cubic equations for three unknowns,
One obvious solution is φ α = χ i = 0. However, the full analysis depends on the choice of α = +1 or −1. The results for α = +1 are summarised in the following table:
where the sign ambiguity in the φ 3 column stems from the fact that cos(arg φ 1 +arg φ 2 −arg φ 3 ) = ±1 at the extrema (cf. eq. (3.39) ). There is one saddle point and a degenerate critical point at the origin. The appearance of the degenerate critical point can be understood from a physics perspective by noticing that φ 1 and φ 2 are massless and therefore correspond to flat directions in the space of solutions.
The results for α = −1 are summarised in the 11 ± √ 105, and again the sign ambiguity in the φ 3 column is due to the fact that cos(arg φ 1 + arg φ 2 − arg φ 3 ) = ±1 at the extrema. The origin is a degenerate critical point. The field φ 3 is massless and hence corresponds to a flat direction in the space of solutions, which explains why the critical point at the origin is degenerate. In addition, there are four isolated saddle points.
A few remarks are in order concerning the critical points found above. First of all, we note that the critical point at the origin (i.e. where all scalar fields vanish) corresponds to the abelian canonical connection on a rank-3 complex vector bundle over X 1,1 and is thus arguably the simplest explicit example of a G 2 -instanton on an Aloff-Wallach space. Also, the point where χ 8 = 0 and all other scalar fields are equal to unity corresponds to a flat connection F = 0. These observations are valid for both choices of α = +1 or −1. Now that we have found the critical points of the superpotential, we consider the gradient flow connecting suitable pairs of them. In other words, we look for solutions of (3.33) , which start at τ = −∞ from a critical point with a larger value of W and flow as τ → ∞ towards a critical point with a smaller value of W . These kink configurations are finite-action solutions of (3.5) and thus allow a physical interpretation as Spin (7)-instantons on R × X 1,1 .
In the search for instanton solutions, one is immediately faced with two technical difficulties. First, the structure of the equations which need to be solved is such that conventional analytic methods (and known exact solution ansätze) are not applicable. For example, the well-known hyperbolic tangent type kink solutions, which inter alia work in one dimension lower [13] , do not respect the structure of (3.33) . This means we need to resort to numerical methods. Second, with the exception of the degenerate critical point at the origin, all other critical points are isolated saddle points. Solutions flowing towards these points are unstable. For a given starting point, there is exactly one trajectory whose end point is an isolated saddle point and it is crucial to pick the initial direction to be exactly along this unique trajectory. Combined with the first point, this presents us with a numerical "fine-tuning problem" when it comes to choosing the correct initial conditions for the desired flow. One would somehow need to know the trajectory's direction at the starting point before even attempting to (numerically) solve the equations, leaving oneself with a "fishing in the dark" situation. Moreover, even the smallest deviation from the correct direction will lead to solutions which, instead of approaching the saddle point, will roll off to ±∞ swiftly. There is only one case where this "fine-tuning problem" does not occur and where we have been able to find an explicit (numerical) solution. It is the kink solution for α = −1 flowing from W = 1/2 at τ = −∞ to W = 0 as τ → ∞. The numerical solution for this case is shown in figure 1 . It should be noted that the shape of these curves resembles that of a hyperbolic tangent type kink. Indeed, although a hyperbolic tangent ansatz does not solve equations (3.33) , it does provide a good approximation. The maximal deviation from the actual numerical solution is of the order of 1%.
